We investigate how T-duality and solving the boundary conditions of the open bosonic string are related. We start by considering the T-dualization of the open string moving in the constant background. We take that the coordinates of the initial theory satisfy either Neumann or Dirichlet boundary conditions. It follows that the coordinates of T-dual theory satisfy exactly the opposite set of boundary conditions. We treat the boundary conditions of both theories as constraints, and apply the Dirac procedure to them, which results in forming σ-dependent constraints. We solve these constraints and obtain the effective theories for the solution. We show that the effective closed string theories are also T-dual.
Introduction
T-duality [1, 2, 3] , first observed in string theory, interchanges the string momenta and winding numbers, leaving the spectrum unchanged. Its description on the string sigma model level was first given by Buscher [4, 5] . The Buscher procedure [6] covers the Tdualization of the coordinates on which the background fields do not depend. The generalized Buscher procedure, applicable to the arbitrary coordinate of the coordinate dependent background was proposed in [7] . The T-dual theory obtained by this prescription is nongeometric, described in terms of the dual coordinates and their double. The double field theories are investigated in [8, 9] .
The nongeometricity appears naturally when considering the open bosonic string moving in a weakly curved background with all coordinates satisfying the Neumann boundary conditions. The problem of solving these boundary conditions was considered in [10, 11, 12] . In the first two papers the conditions were treated as constraints in a Dirac procedure. In the third, the solution of boundary conditions was presupposed in a form expressing the odd coordinate and momenta parts in terms of their even parts. Both treatments lead to effective theories, obtained for the solution of boundary condition, defined in nongeometric space given in terms of even parts of coordinates and of their doubles.
In this paper we consider the open string moving in the constant background fields: metric G µν and antisymmetric Kalb-Ramond field B µν . It is well known that the constant Kalb-Ramond field does not affect the dynamics in the world-sheet interior but it contributes to its boundary and causes the noncommutativity of the string coordinates. Also, we consider the T-dual theory, obtained applying the T-dualization procedure to the above theory. The T-dual theory has a standard action describing the T-dual string moving in the background with a T-dual metric ⋆ G µν = (G −1 E ) µν , which is an inverse of the effective metric and a dual Kalb-Ramond field ⋆ B µν = κ 2 θ µν which is the noncommutativity parameter, in Seiberg-Witten terminology of the open bosonic string theory [13] .
We consider the mixed boundary conditions, for both initial and T-dual coordinates and solve them using techniques developed in [10, 11, 12] . We chose the Neumann boundary conditions for coordinate directions x a and Dirichlet conditions for the rest of the coordinates x i of the initial theory. As usual, using the T-dual coordinate transformation laws one shows that the chosen boundary conditions of the initial theory transform to the boundary conditions of the T-dual theory, so that y a satisfy the Dirichlet and y i the Neumann boundary conditions.
We treat all boundary conditions as constraints and follow the Dirac procedure. The new constraints are found, first as a Poisson bracket between the hamiltonian and the boundary conditions, and every subsequent as a Poisson bracket between the hamiltonian and the previous constraint. Using the Taylor expansion, we represent this infinite set of constraints we obtain, by only two σ-dependent constraints [14, 15, 16, 17] , one for each endpoint. Imposing 2π−periodicity, to the variables building the constraints, one observes that the constraints at σ = π can be expressed in terms of that at σ = 0, and that in fact solving one pair of constraints one solves the other pair as well.
We can separate the constraints into even and odd parts under world-sheet parity transformation (Ω : σ → −σ), separating the variables building the constraints into even and odd parts. Solving the σ-dependent constraints, one reduces the phase space by half. Halves of the original canonical variables are treated as effective variables: the independent variables and their canonical conjugates. For the solution of the constraints we obtain the effective theories, defined in terms of the effective variables. We examine their characteristics and confirm that the effective theories of two T-dual theories are also T-dual.
The paper is organized as follows: In section 2 we consider the standard open bosonic string action and we choose the boundary conditions for every coordinate. Then, we find the T-dual theory, and show that T-dual coordinates satisfy exactly the opposite boundary condition for a given direction of the T-dual space-time, than for the corresponding direction of the original space-time. In section 3, we rewrite the boundary conditions in the canonical form and find the new constraints following the Dirac procedure. We gather the constraints into σ−dependent constraints, separate the canonical variables into their even and odd parts, and solve the constraints. In section 4 we find the noncommutativity relations for coordinates and momenta of both initial and T-dual theories. In section 5 we calculate the effective theories, which will be obtained from the initial theories for the solution of the constraints. We show that the effective theories of the initial and T-dual theory remain T-dual, and find the effective T-duality coordinate transformation laws.
The open bosonic string and its T-dual
The bosonic string sigma model, describes the bosonic string moving in a curved background associated with the massless bosonic fields: a metric field G µν , a Kalb-Ramond field B µν and a dilaton field Φ. The dynamics is described by the action [18, 19] 
The integration goes over two-dimensional world-sheet Σ parametrized by ξ α (ξ 0 = τ, ξ 1 = σ), g αβ is the intrinsic world-sheet metric, R (2) corresponding 2-dimensional scalar curvature, x µ (ξ), µ = 0, 1, ..., D − 1 are the coordinates of the D-dimensional space-time, κ = 1 2πα ′ with α ′ being the Regge slope parameter and ε 01 = −1. The space-time fields in which the string moves have to obey the space-time equations of motion, in order to have a conformal invariance on the quantum level. If the dilaton field is taken to be zero, and the conformal gauge is considered g αβ = e F η αβ , the action can be rewritten as
with the background field composition
and the light-cone coordinates given by
From the minimal action principle one obtains the equations of motion and the boundary conditions γ
where γ
For the closed string the boundary conditions are fulfilled because of the periodicity of its coordinates. In the open string case, for each of the space-time coordinates one can fulfill the boundary conditions (2.5) by choosing either the Neumann or the Dirichlet boundary condition. Let us choose the Neumann condition for coordinates x a , a = 0, 1, . . . , p and the Dirichlet condition for coordinates x i , i = p + 1, . . . , D − 1, which read
We consider the block diagonal constant metric and Kalb-Ramond field G µν = const, B µν = const
Open string theory T-dual
Let us find a T-dual of the open string theory described by the action (2.2). In order to find the T-dual action, one substitutes the ordinary derivatives with the covariant derivatives
, defined in terms of the gauge fields v µ ± . One adds the Lagrange multiplier term to make the introduced gauge fields unphysical. The gauge is fixed taking x µ (ξ) = 0. Next, one finds the equations of motion varying the obtained gauge fixed action over the gauge fields v µ ± . The T-dual action is obtained by substituting the expressions for the gauge fields obtained from these equations of motion, into the gauge fixed action. The T-dual action reads [10] 
The dual background field composition equals 10) where G E is the effective metric. The T-dual metric is its inverse
and a T-dual Kalb-Ramond field is 12) where
µν is the noncommutativity parameter. Because of the choice (2.8), the composition of the T-dual background fields is also block diagonal 13) given in terms of the inverse of the initial metric and the effective metric
by
The components of the non-commutativity parameter are
The coordinates of the initial and the T-dual theory are connected by T-duality coordinate transformation laws, which read
The T-dual boundary conditions are
where
The T-dual theory (2.9) is equivalent to a open string theory (2.2) with chosen boundary conditions (2.7), if the T-dual boundary conditions are fulfilled in a Neumann way for coordinates y i and in a Dirichlet way for y a
Neumann :
This is because of the T-duality transformation law (2.17), which gives
and consequently
So, performing T-dualization one changes the type of the boundary conditions which the coordinates in i and a directions satisfy.
3 Dirac consistency procedure applied to the boundary conditions
The coordinates of the initial and T-dual open string satisfy the appropriate set of the boundary conditions (2.7) and (2.20), obtained from the actions (2.2) and (2.9). In this section, we are going to treat them as constraints and we will apply the Dirac consistency procedure. In order to implement the procedure, let us find the canonical form of the boundary conditions, and express them in terms of the currents building the energymomentum tensors, and consequently the hamiltonians. The momenta conjugated to the coordinates of the initial and T-dual theories (2.2) and (2.9) are
The energy-momentum tensor components for the initial theory can be expressed in terms of currents
as
Using the first relation in (3.1), the currents can be rewritten in terms of coordinates as
The canonical hamiltonian density is
The hamiltonian density and the energy-momentum tensor of the T-dual theory are expressed in terms of the dual currents given by
where ⋆ Π µν ± is defined in (2.10). Using the second relation in (3.1) one obtains
The Dirac procedure applied to the initial theory
Let us treat the Neumann and Dirichlet boundary conditions (2.7) of the initial theory as canonical constraints and apply the Dirac consistency procedure to them, following [10, 11] . The simplest way to obtain the explicit form of these constraints is using the currents defined in (3.2). Because the hamiltonian is already expressed in terms of these currents, all that remains is to find their algebra. The algebra of currents [21] in a constant background is given by
Using the expressions for momenta (3.1), one can rewrite the Neumann (N) and Dirichlet (D) boundary conditions (2.7) in a canonical form
Following the Dirac procedure, one can impose consistency to these constraints. The additional constraints are defined for every n ≥ 1 by
with H C = dσH C being the canonical hamiltonian. All these constraints can be gathered into only two constraints, which depend on the space parameter of the world-sheet. We will multiply every constraint by an appropriate degree of the world-sheet space parameter σ and add the terms together, forming two sigma dependent constraints
.
(3.12)
Because the background fields are constant, the Poisson bracket between the hamiltonian and the currents will produce the first σ-derivative of the currents
Consequently, the n-th constraints will be given in terms of the n−th derivative of the currents
So, the constraints read
where (n) marks the n-th partial derivative over σ. Summing, we obtain the explicit form of the sigma dependent constraints
The Poisson brackets of σ-dependent constraints are
Therefore, they are of the second class and one can solve them. Obviously, the parameter dependent constraints are given in terms of currents depending on either σ or −σ. Therefore, in order to obtain the constraints in terms of the independent canonical variables, it is useful to divide the latter into their even and odd parts, with respect to σ. For the initial coordinates one has 18) and for the momenta one has
It is well known that this separation, leads to a solvable form of the constraints which now read
Using the above expressions for the constraints of the initial theory
one obtains the solutionp
In order to derive constraints at the other string end-point σ = π, we will multiply every constraint with the appropriate power of σ − π and sum the products to obtain two sigma dependent constraints
Substituting the canonical form of the constraints (3.14), we obtain
Summing, we obtain the explicit form of the sigma dependent constraints
Comparing the constraints (3.25) and (3.16), one observes that they are equal if
It follows that if we extend the domain [10] of the variables building the currents, i.e. original coordinates and momenta and demand their 2π-periodicity
then the σ−dependent constraints for σ = 0 and σ = π are equal, and their solution is given by (3.22).
T-dual theory constraints
The canonical form of the T-dual boundary conditions (2.20) is obtained using the expression for the T-dual momenta, given by the second relation of (3.1) and the dual currents (3.7). The conditions are rewritten as
and
Although the boundary conditions of the initial and the T-dual theory are related by (2.22) , so that the Neumann and the Dirichlet conditions of the initial theory transform to the Dirichlet and the Neumann conditions in the T-dual theory, one can observe that the form of Neumann and Dirichlet conditions has not changed. Rewriting (3.28) and (3.29) as
E ) µν , we see that they are of the same form as (3.10) keeping in mind the T-duality relations
Using the Dirac procedure, analogue to that for the initial theory, the following σ-dependent constraints are obtained
The constraints at σ = π produce the same result if we demand the 2π-periodicity for the T-dual canonical variables y µ (σ + 2π) = y µ (σ) and ⋆ π µ (σ + 2π) = ⋆ π µ (σ). Separating the dual variables into the odd and even parts with respect to σ = 0, in a same way as in (3.18) and (3.19)
one obtains the sigma dependent constraints of the following form
The T-dual constraints are also of the second class. So, we can solve them
by ⋆pi = 0,k
Noncommutativity of the effective variables
Solving the constraints (3.21), has reduced the phase space by half. The σ-derivative of coordinates and the momenta for the solution (3.22) are
By solving the constraints, one has eliminated parts of initial coordinatesq a , q i and momentap a , p i , and one is left with variables q a ,q i , p a ,p i which are considered as fundamental variables. Note that in N -sector the new fundamental variables are even q a , p a , while in D-sector the new fundamental variables are oddq i ,p i .
For an arbitrary function F (x, π) defined on the initial phase space, one introduces its restriction on the reduced phase space by f = F (x, π)
Γµ=0
. The Poisson brackets in the effective phase space are the Dirac brackets [22] of the initial phase space associated with the second class constraints Γ µ = 0. The new brackets are denoted by star
3)
The Poisson brackets of the effective variables are considered in app. A (for details see [10] ). So, by looking at the solution of the constraints, we can observe that in the Neumannsubspace, the coordinates depend on both effective coordinates and momenta, while in the Dirichlet-subspace the momenta depend on both effective coordinates and momenta. Therefore, using (A.6) we can conclude that in the N −subspace, the coordinates do not commute
while in the D−subspace the momenta do not commute
The dual coordinate σ-derivative and the dual momenta for the solution (3.36) of the dual constraints (3.35) are
(4.7)
By solving the T-dual constraints one has eliminated the variables k a ,k i , ⋆ p a , ⋆pi .
Therefore, the new fundamental variables arek a , ⋆pa (odd) in the D-sector and k i , ⋆ p i (even) in the N -sector. In this description, we see that the coordinates in the D−subspace commute while in the N −subspace they are not commutative
The momenta are commutative in the N -subspace, while in the D-subspace they are noncommutative
So, N and D-sectors of the initial and T-dual theories replace their characteristics. Note that in all cases the Kalb-Ramond field is the source of noncommutativity.
Effective theories
By extending the domain of the initial coordinates and momenta, the solution of the constraint in one string endpoint solves the constraint in the other string endpoint as well, as in [10] . If we substitute the solution of the constraints into the canonical hamiltonians, we will obtain the effective hamiltonians. Using the equations of motion for momenta, we will find the corresponding effective lagrangians. Effective theories describe the closed effective string. When choosing the Neumann boundary conditions for all directions the new basic canonical variables, the effective variables, are the even coordinate and momenta parts q µ (σ) and p µ (σ). Choosing the mixed boundary conditions both odd and even parts of initial coordinates and momenta remain the basic canonical variables for some directions. So, the effective hamiltonian for the initial theory will be given in terms of oddq i ,p i in Dirichlet directions and even q a , p a in Neumann directions and the effective T-dual hamiltonian in terms of oddk a , ⋆pa in Dirichlet directions and even k i , ⋆ p i in Neumann directions. The corresponding effective lagrangians will consequently depend on both even and odd coordinate parts q a ,q i and k i ,k a .
Effective energy-momentum tensors
For the solution (4.1), (4.2) of the boundary conditions, the a−th and the i−th component of the initial currents j ±µ , reduce to
The energy-momentum tensor components (3.3) in a background (2.8) read
and reduce to
for the solution of constraints. The dual energy-momentum tensor components are
The dual currents reduce for the solution (4.6) and (4.7) to 5) and therefore the energy-momentum tensor components become
Note that in opposite to the initial currents, the T-dual currents with index a are Dirichlet's, while the currents with index i are Neumann's.
Effective hamiltonians
The effective canonical hamiltonian for theory (2.2) is
and the effective T-dual canonical hamiltonian for (2.9) is
The effective hamiltonian (5.7), expressed in terms of effective variables with the help of (5.1), reads
The effective T-dual hamiltonian (5.8), expressed in terms of effective variables with the help of (5.5), reads
(5.12)
Effective Lagrangians
The lagrangians of the effective theories (5.9) and (5.11) are given by
14)
The effective lagrangians can be separated into
The explicit forms of the effective lagrangians are found by eliminating the momenta from (5.16), using the equations of motion for them
For these equations the σ-derivatives of the initial and T-dual coordinates, given by (4.1) and (4.6), become
(5.20)
In order to find the expression for the initial and the T-dual coordinate we need to introduce a double coordinateq a of the even part of the initial coordinate q ȧ
and a double coordinatek i of the even part of the T-dual coordinate k ĩ
The coordinates become
(5.24)
For the equations (5.17) and (5.18), the currents (5.1) and (5.5) reduce to
So, after elimination of the momenta the effective lagrangians become
where the lagrangians (5.16) reduced to
T-duality between effective theories
Let us now introduce coordinates
and the corresponding canonically conjugated momenta
The currents j N ±a and j D ±i defined in (5.1) and the currents ⋆ j a D± and ⋆ j i n± defined in (5.5), can be gathered into currentsĵ
(5.31)
They satisfyĵ
The effective energy-momentum components (5.3) and (5.6) can be rewritten as
and the effective hamiltonians (5.9) and (5.11) are therefore
Using the T-duality relations
and (4.1), (4.7), (4.6), (4.2) one obtains
Separating the odd and even parts one obtains
which gives
Comparing the background fields (5.33), we see that they are T-dual to each other as expected, because by T-duality the metric should transform to the inverse of the effective metric. In our case, in absence of the effective Kalb-Ramond field this means the T-dual metric should be inverse to the initial metric, what is just the case 
which for the equations of motion for momenta (5.17) and (5.18)
Combining (5.40) with (5.43) one obtains
Therefore, the effective and T-dual effective variables Q µ and K µ are connected by
This is the T-dual effective coordinate transformation law. Using it together with (5.41), one can conclude that the effective lagrangians (5.44) are T-dual. This law is in agreement with the T-dual coordinate transformation law (2.17), for B µν = 0 
Conclusion
In the present paper we show that solving the constraints obtained applying the Dirac consistency procedure to mixed boundary conditions of the open bosonic string, which leads to the effective theory and the T-dualization of the bosonic string theory can be performed in an arbitrary order. We started considering the string described by the open string sigma model. The string is moving in the constant metric G µν and a constant Kalb-Ramond field B µν . We chose the Neumann boundary conditions for some directions x a and the Dirichlet boundary conditions for all other directions x i . We treated the boundary conditions as constraints, and applied the Dirac procedure. The boundary conditions where given in terms of coordinates and momenta, which we rewrote in terms of currents building the energy-momentum tensor components. By Dirac procedure the new constraints are found commuting the hamiltonian with the known constraints. The canonical form of constraints allowed us a simple calculation of the exact form of the infinitely many constraints. From these constraints we formed two σ-dependent constraints, for every string endpoint, by multiplying every obtained constraint with the appropriate power of σ for constraints in σ = 0 and π − σ for constraints in σ = π, and adding these terms together into Taylor expansions. The constraints at σ = 0 and σ = π were found to be equivalent by imposing 2π-periodicity condition for the canonical variables x µ and π µ .
The σ-dependent constraints are of the second class. To solve them we introduced even and odd parts of the initial canonical variables. We found the solution and expressed the σ-derivative of the initial coordinate x ′µ and the initial momentum π µ in terms of even parts q a , p a of x µ , π µ in Neumann directions and of their odd partsq i ,p i in Dirichlet directions, see (4.1) and (4.2.) For the solution of constraints, the theory reduced to the effective theory. We obtained the effective energy-momentum tensors (5.3) and the effective hamiltonian (5.9). For the equations of motion for momenta, we obtained the corresponding effective lagrangian (5.27).
We also found the T-dual of the initial theory. We applied the Dirac procedure to the mixed boundary conditions of the T-dual theory. The constraints where solved, which reduced the phase space tok a , ⋆pa in D-sector and k i , ⋆ p i in N -sector. For the solution of T-dual constraints we obtained the T-dual effective energy-momentum tensors (5.6) and the T-dual effective hamiltonian (5.11), as well as the corresponding T-dual effective lagrangian (5.27). The canonically conjugated effective variables are now pairs q a , p a andq i ,p i for the initial and k i , ⋆ p i andk a , ⋆pa for the T-dual effective theory. The effective variables in both effective theories satisfy the modified Poisson brackets considered in appendix A. Therefore, if the variable of the initial theory depends on both effective coordinates and effective momenta of any pair, it will be noncommutative. One observes that in N -sector coordinates do not commute (4.4) and also the momenta of the D-sector of the initial theory (4.5). In T-dual theory the roles are exchanged so that in D-sector coordinates do not commute (4.8) and also the momenta of the N -sector (4.9). This is different, in comparison to the choice of the Neumann boundary conditions for all directions [10, 11, 12] . In that case, solving the constraints leads to full elimination of odd variables. Also, when considering a weakly curved background, with a coordinate dependent Kalb-Ramond field with an infinitesimal field strength, the effective theory turned out to be non-geometric. It is defined in the effective space-time composed of the even coordinate and its double x µ → q µ ,q µ . This fact lead to appearance of nontrivial effective Kalb-Ramond field, depending on the double effective coordinate B µν (x) → B ef f µν (2bq). It would be interesting to find the corresponding field in the mixed boundary conditions case. For constant initial background fields, considered in this paper the effective fields are constant. But, the nongeometricity can still be seen. It appears in a fact that coordinates of the initial and T-dual theories, can not be expressed without an introduction of double coordinates, see (5.23) and (5.24).
The obtained effective theories, defined in terms of the effective variables, where compared using the T-dualization procedure. It was confirmed that the corresponding background fields (the effective metrics G ef f µν and ⋆ G µν ef f (5.33)) are T-dual to each other. Also, the effective variables of the initial effective theory are confirmed to be T-dual to the T-dual effective variables of the T-dual effective theory, by obtaining the T-duality law connecting them. This law was an appropriate reduction of the standard T-duality coordinate transformation law. Therefore, we showed the T-duality of the reduced bosonic string theories. Consequently, all the theories on the following diagram are equivalent
So, we confirmed that two procedures, the T-dualization procedure and the solving of the mixed boundary conditions, treated as constraints in the Dirac consistency procedure, do commute.
A Brackets between effective variables
The effective theory is given in terms of the odd and even parts of the initial coordinates and momenta. These parts do not satisfy the ordinary Poisson brackets because they are 
